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Weyl semimetal with Weyl fermions at Fermi energy is one of the topological materials, and
is a condensed-matter realization of the relativistic fermions. However, there are several crucial
differences such as the shift of Fermi energy, which can hinder the expected interesting physics.
Chiral anomaly is a representative nontrivial phenomenon associated with Weyl fermions, which
dictates the transfer of fermions between the Weyl fermions with opposite chirality; it is manifested as
the negative magnetoresistance. Here we demonstrate that the magnetoresistance is robust against
the deviation from the ideal Weyl Hamiltonian such as the shifted Fermi energy and nonlinear
dispersions. We study a model with the energy dispersion containing two Weyl nodes, and find that
the magnetoresistance persists even when the Fermi level is far away from the node, even above the
saddle point that separates the two nodes. Surprisingly, the magnetoresistance remains even after
the pair annihilation of the nodes.
I. INTRODUCTION
Quantum anomaly, the violation of conservation laws
by quantum effect, has a long history of study in the
field of quantum field theory, deeply rooted in its foun-
dation [1]. One such phenomenon is the chiral anomaly,
which was initially discovered in the problem of pho-
ton self-energy [1–5]. Later, the violation of the chiral
symmetry was also discovered in the electromagnetic re-
sponse of Weyl Hamiltonian [6, 7], where the conserva-
tion of the chiral charge is violated in presence of both
electric and magnetic field [7]. Interestingly, it was also
pointed out that a similar phenomenon can be captured
by a semiclassical transport theory, by taking into ac-
count the Berry phase effect [8]. While these studies
on the magneto-transport phenomena revealed the ef-
fect of quantum anomalies on transport phenomena, ex-
perimental investigation in high-energy physics remains
unexplored due to the lack of experimentally accessible
Weyl fermions.
Theoretical predictions of the Weyl fermions in fer-
romagnetic metals [9] and also semimetals, i.e., Weyl
semimetals, (WSMs) [10–14] opened the possible studies
of chiral anomaly in solids. This theoretical possibility
is indeed realized by the discovery of three-dimensional
Dirac [15, 16] and Weyl [17, 18] semimetals. These
materials are considered to be an experimental plat-
form for studying unique responses in Dirac and Weyl
fermions to the electromagnetic field [19–33]. Further-
more, the realization in solids allowed experimental gen-
eration of pseudo-electromagnetic fields by magnetic fluc-
tuations [34] and by lattice strains [35–45], providing
greater freedom in experiments to study rich physics re-
lated to Weyl semimetals, such as the quantum anomaly.
In experiments, the chiral anomaly is often investi-
gated by transport experiments where the anomaly is
predicted to gives rise to negative longitudinal magne-
toresistance (LMR) [7, 8, 46, 47]; the LMR experiment
is carried out in several Weyl and Dirac semimetals [48–
56], showing negative magnetoresistance which is seem-
ingly consistent with the theoretical predictions. The ex-
perimental confirmation of chiral anomaly, however, still
remains a controversial issue. In part, this is a techni-
cal problem related to the distinction between different
mechanisms for negative LMR, which was recently inves-
tigated experimentally [57]. A more fundamental prob-
lem, on the other hand, remains on the validity of the
Weyl Hamiltonian. Unlike its counterpart in the high-
energy theory, the realistic effective theory for the exist-
ing Weyl and Dirac semimetals turns out to be some-
what complicated than the Weyl Hamiltonian; the Weyl
Hamiltonian only applies to a limited energy range often
below the Fermi energy. For example, in Cd3As2, the
Fermi level of the material is above the saddle point that
separates the two nodes [Fig. 1(d)]. This situation in
the materials cast doubt on how match of the physics of
Weyl fermions survives in these materials. Nevertheless,
a negative LMR similar to that in other WSM materi-
als is recently observed in Cd3As2 [58, 59]; naively, this
implies one of the two possibilities: the physics related
to chiral anomaly is robust (appears in a rather general
class of models with Weyl nodes) or the observed LMR
is not related to the chiral anomaly. Despite the contro-
versial situation, systematic theoretical investigation on
such issues remains unexplored.
In this work, we study the general features of anomaly-
related magnetoresistance. In particular, we study the
anomaly-related LMR when the chemical potential is
away from the Weyl nodes, considering both the semi-
classical region under a weak magnetic field and quan-
tum region in the presence of strong magnetic field where
the Landau levels are well formed. In the semiclassical
limit, we derive a general formula for the anomaly-related
O(B2E) response, which is related to the Berry curva-
ture. The formula explicitly shows that the contribution
to the anomaly-related LMR does not cancel out even
when all nodes are enclosed in a Fermi surface, i.e., when
the Fermi level is far away from the Weyl nodes. The for-
mula also implies that no abrupt decrease of the anomaly-
related current occurs at the Lifshitz point where the
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2Fermi surfaces of the Weyl nodes merge. We demonstrate
these results by applying the theory to a model with two
Weyl nodes [Fig. 1(c) and 1(d)]. We discuss that the
anomaly-related LMR robustly remains even when the
Fermi level is far above the saddle point separating the
two nodes [Fig. 1(d)], and no abrupt decrease occurs at
the µ = m2, when the chemical potential reaches the
saddle point of dispersion that connects the two Weyl
nodes. This result indicates that the anomaly-related
current of similar magnitude should be observed even
when the Fermi level is above the saddle point, as long
as the chemical potential is in the same order as the en-
ergy of the saddle point. On the other hand, the LMR
under the strong-magnetic-field case is more dependent
on the details of the model; a clear LMR appears only in
the strong-field limit, if the lowest Landau level crosses
the Fermi level. However, whether the chiral mode (low-
est Landau level) crosses the Fermi level depends on the
details of the Hamiltonian and the chemical potential.
The behavior of the conductivity when the Fermi level
is above the saddle point is shown in Fig. 1(a), where
the black solid line is for the case in which the chiral
mode exists at the Fermi level and the dashed line is for
the case when the chiral mode is away from the Fermi
level. In addition, we find that a remnant LMR exists
even when the Weyl nodes vanish by the pair annihila-
tion. We also reveal the critical behavior around this gap
opening transition. The result indicates that the nega-
tive LMR in the semiclassical region robustly remains,
especially in the weak-field limit, providing a strong ev-
idence for the existence of Weyl nodes and/or in close
vicinity of the Weyl semimetal (WSM) phase.
II. NEGATIVE MAGNETORESISTANCE IN
SEMICLASSICAL TRANSPORT THEORY
To investigate the behavior of anomaly-related phe-
nomena when the Fermi level is away from the Weyl
nodes, we first consider the case of the weak magnetic-
field limit ωcτ  1, where ωc is the cyclotron frequency
of the electrons and τ is the relaxation time. We reformu-
late the semiclassical Boltzmann theory for magnetore-
sistance and explicitly show that, if the anomaly-related
current exists, the sign of anomaly-related magnetoresis-
tance is negative for arbitrary Hamiltonian. Moreover,
the formula we introduce directly shows that the contri-
bution from different nodes do not cancel out even when
the Fermi level is away from the Weyl nodes and all nodes
are enclosed in a Fermi surface.
We start from the semiclassical Boltzmann theory with
Berry phase collection [60, 61]. In the Boltzmann theory,
the electron density nkα for band α and momentum k is
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FIG. 1. The conductivity of Weyl semimetals. (a) Field de-
pendence of the longitudinal conductivity when the magnetic
field is applied parallel to the electric field. The conductivity
shows three regions: the semiclassical region under the weak
field, quantum oscillation region in the intermediate field, and
the high-field limit which either the lowest Landau level (solid
line) or no Landau level (dashed line) crosses the Fermi level
[See Fig. 4(b) and related arguments in the main text.]. The
behavior of conductivity is for the case in which the chemi-
cal potential is much higher than the saddle point [the case
shown in (d)]. (b) Schematic figure of the chemical poten-
tial (µ) dependence of the O(B2) part of the conductivity
in the semiclassical region when the electric and magnetic
fields are parallel. The chemical potential dependence of the
O(B2) conductivity changes from µ−2 in the µ m2 to µ−3/2
in the µ  m2 limit. When the fields are along a = x, y,
it shows non-analytic structure below the saddle point with
η = 3/2; such behavior vanishes for a = z when B ‖ E.
A schematic figure of the two Weyl nodes and the electron
filling for µ  m2 and µ  m2 are shown in (c) and (d),
respectively.
3calculated from the Boltzmann equation
∂tnkα + (1 + qB · bkα)−1
× (qE + qvkα ×B + q2(E ·B)bkα) · ∇knkα = −δnkα
τ
,
(1)
where q is the charge of the particle andE ≡ (Ex, Ey, Ez)
[B ≡ (Bx, By, Bz)] is the electric (magnetic) field; nkα,
vkα, and bkα are respectively the occupation, group ve-
locity, and the Berry curvature. We here used the relax-
ation time approximation where τ is the relaxation time,
δnkα ≡ nkα−n0kα and n0kα = f0(εkα) is the Fermi-Dirac
distribution function with εkα being the energy of the
state.
To study the general features of the anomaly-related
transport phenomena, we generalize the Berry phase for-
malism developed in Ref. 8. Several forms of the general-
izations of Ref. 8 was attempted in several recent works
for Weyl Hamiltonians[47, 62–68]. However, here, we re-
formulate the formula in a form which explicitly shows
that the LMR from the anomaly-related current always
gives a negative contribution to LMR. In the semiclassi-
cal Boltzmann theory, the electric current reads
J =
∑
α
∫
dk
(2pi)3
[
vkα + qE × bkα + q
c
(bkα · vkα)B
]
nkα,
(2)
where q is the charge of the particle andE ≡ (Ex, Ey, Ez)
[B ≡ (Bx, By, Bz)] is the electric (magnetic) field; nkα,
vkα, and bkα are respectively the occupation, group ve-
locity, and the Berry curvature of electrons with crystal
momentum k and band index (including spin) α. Note
that the first term in the integrand of Eq. (2) corresponds
to the conventional current, the second term to the in-
trinsic anomalous Hall effect (AHE), while the third term
is the anomaly related contribution which is the main in-
terest of the present paper. Assuming the steady state
(∂tnkα = 0), and solving the Boltzmann equation in
Eq. (1), we find
δnkα = −τ (1 + qB · bkα)−1×(
qE + qvkα ×B + q2(E ·B)bkα
)
vkα (n
0
kα)
′, (3)
where (n0kα)
′ ≡ ∂εn0(εkα) is the derivative of the Fermi
distribution function. We here expanded the solution up
to second order in the electromagnetic fields, and linear
order in the relaxation time.
Substituting this equation into Eq. (2), the anomaly-
related response in the order of O(EB2) reads
Jano =τq
4
∑
α
∫
dk3
(2pi)3
Wkα[E ·Wkα]δ(εkα − µ), (4)
where Wkα ≡ bkα × (vkα ×B). Suppose we apply the
electric field along a unit vector eE . Then, the current
along eE reads
(Jano · eE) =τq4E
∑
α
∫
dk3
(2pi)3
(eE ·Wkα)2δ(εkα − µ),
(5)
where E = |E|. Therefore, the Berry phase contribution
to LMR exists if the region of k withWkα 6= 0 has a finite
measure on the Fermi surface. This essentially indicates
that a nonzero negative LMR appears when bkα 6= 0, as
there is no reason to be Wkα = 0 on the entire Fermi
surface unless bkα = 0. In WSMs, this also implies that
the anomaly-related LMR appears even when all Weyl
nodes are enclosed inside one Fermi surface; in this case,
the total charge of Weyl nodes are zero, but the Berry
curvature induced by the Weyl nodes (and Wkα) are still
nonzero, in general. Another interesting consequence of
Eq. (5) is that the induced current along the electric field
direction always gives a negative contribution to the resis-
tivity, i.e., the anomaly-related LMR is always negative.
These general features imply that the anomaly-related
LMR in WSMs are also robust, regardless of the details
of Hamiltonian. Moreover, the result indicates that the
contribution from different Weyl nodes does not cancel
out even when the Fermi level is away from the Weyl
nodes and all nodes are enclosed in one Fermi surface.
We next consider the case in which E and B are per-
pendicular to each other. Applying E ·B = 0 to Eq. (4),
we find
(Jano · eE) =
τq4E
∑
α
∫
dk3
(2pi)3
(eE · vkα)2(B · bkα)2δ(εkα − µ). (6)
Hence, similar to the case of LMR, negative magnetore-
sistance due to the Berry curvature also appears when
B ⊥ E. Therefore, a negative magnetoresistance in the
E ⊥ B can appear even within the free electron approx-
imation. In real materials, however, this contribution
competes with the conventional magnetoresistance which
gives a positive contribution [66]. Therefore, the sign of
the magnetoresistance depends on the details of the band
structure. We also note that this term remains finite also
for the Weyl Hamiltonian in contrast to Ref. 8, in which
the anomaly-related current vanish when E ⊥ B. This
is difference originates from the different approximation
used for the electron distribution; we used the standard
relaxation-time approximation while Ref. 8 considered a
limit where intra-node scattering is much faster than the
inter-node ones. Further discussion on the sensitivity to
the electron distribution is given in Appendix B.
In the last, we note that a similar argument on the
amount of charge in each electron/hole pockets in the
Brillouin zone shows that the rate of charge pumped be-
tween different pockets is determined only by the total
charge of magnetic monopoles inside the pocket. This
implies that the chiral charge pumping by the chiral
anomaly is also robust. Details on this argument are
given in Appendix A.
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FIG. 2. Band structure and Berry curvature distribution in
the two-node model. (a) The band structure of the two-node
Weyl Hamiltonian. (b) Berry curvature distribution of the
two-node Weyl Hamiltonian in the ky = 0 plane, and (c)
distribution of W+(k) of the same Hamiltonian. The results
are for m = 1/2.
III. ANOMALY-RELATED CURRENT IN THE
WEAK MAGNETIC FIELD
A. Two-node model
In this section, we apply the general argument pre-
sented in Sec. II to a model with two Weyl nodes and
study how the anomaly-related response typically be-
haves with changing µ. The Hamiltonian reads
HDW =
∫
dk3
(2pi)3
ψ†(k)
{
σ1k
1 + σ2k
2
+σ3((k
3)2 −m2)− µσ0
}
ψ(k). (7)
When m2 > 0, this model has two Weyl nodes at ε = 0;
this is an example of the Weyl semimetals with broken
time-reversal symmetry. The low energy theory around
the Weyl points become the isotropic Weyl Hamiltonian
when m = 1/2, while the cones become anisotropic oth-
erwise. The dispersion is shown in Fig. 2(a). This model
has two Weyl nodes, which are separated by a saddle
point; when |µ| < m2, there are two Fermi surfaces,
each enclosing one Weyl node. On the other hand, the
two Fermi surfaces merge into one when |µ| > m2. The
Berry curvature of the conduction band bk+ is shown in
Fig. 2(b); the source and the drain of bk+ at kz = ±1/2
corresponds to the position of the Weyl nodes. In this
model, the Berry curvature distributes in the momentum
space in a similar manner as the magnetic field around a
magnetic dipole, i.e., it decays in a power of k = |k| when
k →∞. Reflecting this feature of bk+, Wk+ also decays
in the power of k; the distribution of Wk+ when the
magnetic field is along the z axis is shown in Fig. 2(c).
The result shows that Wk+ remains finite even when
εk+ > m
2. According to Eq. (5), this implies that the
magnetoresistance related to the Berry curvature also ap-
pears even when the Fermi level is µ > m2.
The anomaly-related current in some limits of this
model was previously studied using a formula similar to
Eq. (4) [69]. On the other hand, we calculate the anomaly
related O(EB2) response for an arbitrary value of µ us-
ing Eq. (4). We find the general solution has the form
Jaano =
2τq4
(2pi)3
[σa1 (B ·E)Ba + σa2Qz(E,B)Ba
+σa3 (B ·B)Ea + σa4Qz(B,B)Ea] ,
(8a)
for a = x, y and
Jzano =
2τq4
(2pi)3
[σz1(B ·E)Bz + σz2Qz(E,B)Bz
+σz3(B ·B)Ez] , (8b)
where
Qz(A,B) =
1√
3
(3AzBz −A ·B) . (9)
For Eq. 8b, the term that corresponds to the fourth term
in Eq. 8a can be converted to a sum of the other three
terms, i.e., Qz(B,B)Ez =
1√
3
(B ·E)Bz+Qz(E,B)Bz−
1√
3
(B · B)Ez; therefore, the fourth term is absent in
Eq. 8b. In the previous works considering Weyl Hamil-
tonian, the current is proportional to (B ·E)B. In con-
trast, our result for the anomaly-related current has four
terms: (B · E)B, Qz(B,E)B, (B · B)E, Qz(B,B)E.
The general form of σai for arbitrary µ are given in Ap-
pendix C.
In the µ → 0 limit, the result corresponds to a Weyl
semimetal with two Weyl nodes. The solution for this
limit is obtained by Laurent expansion of σai by µ around
µ = 0 point. The result reads
Jaano =
2τq4
(2pi)3
[
14pim
15µ2
(B ·E)Ba + pi(1 + 8m
2)
90mµ2
(B ·B)Ea
+
pi(1− 4m2)
30
√
3mµ2
Qz(B,B)Ea
]
, (10a)
5for a = x, y and
Jzano =
2τq4
(2pi)3
[
4pim(11− 2m2)
45µ2
(B ·E)Bz
+
2pim(1− 4m2)
15
√
3mµ2
Qz(E,B)Bz +
8pim3
15µ2
(B ·B)Ez
]
.
(10b)
Hence, by approaching the Weyl node (µ = 0), the cur-
rent diverges with ∝ 1/µ2. The anisotropy in the above
solution reflects the anisotropy of the velocity of the
Weyl nodes. In the result, the ratio of (E · B)B and
(B ·B)E terms reads χa ≡ σa1/σa3 = 84m2/(1 + 8m2) for
a = x, y and χz ≡ σz1/σz3 = (11−2m2)/(6m2). Hence, the
(E·B)B term is either similar or larger than the (B·B)E
term when m is the order of 1. The anisotropy is natu-
ral since the distribution of Berry curvature is dipole-like
and anisotropic in momentum space.
In the Hamiltonian in Eq. (7), the velocity of Weyl
nodes is isotropic when m = 1/2. In this case, the above
solutions become isotropic:
Jano =
τq4
4pi2c2
[
7
15µ2
(B ·E)B + 1
15µ2
(B ·B)E
]
. (11)
This qualitatively reproduces the results for the Weyl
Hamiltonian studied in Ref. [8]. The result, however, has
several differences: we find the current proportional to
(B · B)E in addition to the (B · E)B term, and the
current is reduced by 8/15 when E and B are parallel
(the ratio of the two terms is χa = 7). As discussed
in Appendix B, these differences are consequences of the
difference in the electron distribution assumed. The dif-
ference in the result shows that, unlike the usual Berry
phase effects, the anomaly-related current is sensitive to
the electron distribution. This is a natural behavior con-
sidering that Eq. (4) indicates the current is related to
the change of the electron distribution on the Fermi sur-
face.
We next turn to the case when µ > m2, i.e., when the
chemical potential is above the saddle point. As men-
tioned above, as the magnitude of the Berry curvature
decays with a power of µ, it is expected that the anomaly-
related current also decays with a power of µ, i.e., they
remain finite even above the saddle point. Indeed, by
expanding the general solution with respect to 1/µ, we
find the current in the µ m2 limit reads:
Jaano =
2τq4
(2pi)2
[
116
693µ3/2
(B ·E)Ba − 1
33
√
3µ3/2
Qz(E,B)Ba
+
8
693µ3/2
(B ·B)Ea − 4
231
√
3µ3/2
Qz(B,B)Ea
]
,
(12a)
for a = x, y and
Jzano =
2τq4
(2pi)2
[
−4(154µ− 975− 34m
2)
27027µ3/2
(B ·E)Bz
− 616µ+ 78− 136m
2
9009
√
3µ3/2
Qz(E,B)Bz
+
616µ− 136m2
9009µ3/2
(B ·B)Ez
]
. (12b)
Therefore, the anomaly related magnetoresistance re-
mains nonzero even when µ m2. The result, however,
shows a qualitative difference in the asymptotic behavior
compared to the µ m2 case. In this limit, the asymp-
totic form of the current is Jaano ∝ µ−3/2 for a = x, y and
Jzano ∝ µ−1/2, slower than the Jaano ∝ µ−2 decay in the
µ m2 case. Therefore the decay of magnetoresistance
is slower when the Fermi level is away, compared to the
µ  m2 case. One more point to be noted is that, al-
though Jzano generally decays in µ
−1/2, the µ−1/2 terms
vanish when both E and B fields are applied along z
axis, and the leading order becomes Jzano ∝ µ−3/2B2zEz.
In the µ  m2 limit, χa = 29/2 for a = x, y and
χz = 1/3 + 325/(34m2 − 154µ) ∼ 1/3 − 325/(154µ).
Hence, the (E ·B)B term is either similar or an order of
magnitude larger than the (B ·B)E term.
The above argument on the µ m2 case indicates that
the LMR of a similar order to the case of µ < m2 remains
if the current does not decay rapidly when µ crosses m2,
i.e., when the Fermi level crosses the saddle point. We
study this possibility by expanding the general solution
with δ ≡ µ − m2; we find the current has two terms,
Jano = Jb1 + Jb2Θ(−δ), where Jb1 is the analytic part
and the later is the singular part of the current (Θ(x) is
the Heaviside’s step function):
Jab2 =
τq4
(2pi)2m3
[
−4
9
∣∣∣∣ δm2
∣∣∣∣ 32 (B ·E)Ba
+
2
3
√
3
∣∣∣∣ δm2
∣∣∣∣ 32 Qz(E,B)Ba
+
1
9m2
∣∣∣∣ δm2
∣∣∣∣ 32 (B ·B)Ea
+
1
3
√
3m2
∣∣∣∣ δm2
∣∣∣∣ 32 Qz(B,B)Ea
]
, (13a)
for a = x, y and
Jzb2 =
2τq4
(2pi)2
[
4
15m3
∣∣∣∣ δm2
∣∣∣∣ 52 (B ·E)Bz
− 2
5
√
3m3
∣∣∣∣ δm2
∣∣∣∣ 52 Qz(E,B)Bz
+
8
35m
∣∣∣∣ δm2
∣∣∣∣ 72 (B ·B)Ez
]
. (13b)
6The explicit form of Jb1 is given in Appendix C. Reflect-
ing the singular change of the Fermi surface at µ = m2,
Jano shows a non-analytic behavior which is character-
ized by the divergence of the second derivative of Jaano
with respect to µ for a = x, y, and third derivative for
Jzano. However, the result is continuous and changes
smoothly when µ ∼ m2. As no abrupt decrease in the
magnetoresistance appears around µ ∼ m2, we expect to
see the LMR of similar magnitude even when µ > m2,
i.e., when the two Weyl nodes are enclosed in a Fermi
surface.
The summary of the above analyses is shown in
Fig. 1(b) for the case when B ‖ E. As the distribution
of Wkα in Fig. 2(c) is smooth throughout the Brillouin
zone, we expect a gradual change of the anomaly-related
MR. Indeed, we find the Berry phase related current of
this model diverges proportional to µ−2 in the µ → 0
limit and decays µ−3/2 when µ  m2. These two lim-
its are connected smoothly without any abrupt change
at µ = m2, when the Fermi surfaces of the two Weyl
nodes merge. Our result on the two-node Hamiltonian
shows that the anomaly-related MR robustly remains
even when the Fermi level is far away from the Weyl
nodes.
B. Anomaly-related current near the critical point
We next investigate how the anomaly-related current
behaves around the critical point at which the two Weyl
nodes pair annihilates. As an example of such, we here
consider the model similar to Eq. (7), but with opposite
sign for the m2 term (the two Weyl nodes in Eq. (7)
merge at m2 = 0):
Hg =
∫
dk3
(2pi)3
ψ†(k)
{
σ1k
1 + σ2k
2
+σ3((k
3)2 +m2)− µσ0
}
ψ(k). (14)
Here, we assumed m2 > 0. The band structure of
the model is shown in Fig. 3(a). This model shows a
band gap of size 2m2; the density of states is zero when
µ ∈ [−m2,m2]. Although the band structure looks like a
trivial semiconductor, the conduction band of this model
has non-zero Berry curvature as shown in Fig. 3(b), and
hence, non-zeroWk+ as in Fig. 3(c). Therefore, although
no Weyl nodes exist, we expect a similar LMR even after
the Weyl nodes pair annihilates, at least close to the pair
annihilation point where the Berry curvature around the
band bottom is large.
When m2 = 0, i.e., at the critical point [70], the
anomaly-related current in the weak magnetic-field limit
is obtained by substituting m2 = 0 to Eqs. (D1) and
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FIG. 3. Band structure and Berry curvature distribution in
the gapped Hamiltonian Hg. (a) The band structure, (b)
Berry curvature distribution in the ky = 0 plane, and (c)
distribution of W+(k). The results are for m = 1/3.
(D2):
Jaano =
τq4
(2pi)2
{
232
693µ
3
2
(B ·E)Ba − 2
33
√
3µ
3
2
Qz(E,B)Ba
+
77 + 240µ
10395µ
5
2
(B ·B)Ea + 77− 120µ
3465
√
3µ
5
2
Qz(B,B)Ea
}
,
(15a)
for a = x, y and
Jzano =
τq4
(2pi)2
{
−2(154µ− 975)
27027µ
3
2
(B ·E)Ba
− 39 + 308µ
9009
√
3µ
3
2
Qz(E,B)Ba +
4
117µ
1
2
(B ·B)Ea
}
.
(15b)
We note that, when B ‖ E, only the current along the
electric field direction survives with chemical potential
dependence µ−3/2. Hence, when µ → 0, the current di-
verges with a different power from the Weyl case, ∝ µ−2.
When m2 > 0 and µ is close to the band edge, i.e.,
7µ ∼ m2, the current reads:
Jaano =
τq4
(2pi)2
[
4
9m6
δ
3
2 (B ·E)Ba − 2
3
√
3m6
δ
3
2Qz(E,B)Ba
+
1
9m8
δ
3
2 (B ·B)Ea + 1
3
√
3m8
δ
3
2Qz(B,B)Ea
]
,
(16a)
for a = x, y and
Jzano =
τq4
5pi2m8
[
2
3
δ
5
2 (B ·E)Bz − 1√
3
δ
5
2Qz(E,B)Bz
+
4
7
δ
7
2 (B ·B)Ez
]
, (16b)
for δ ≡ µ−m2 ≥ 0 and zero otherwise. Therefore, a finite
anomaly-related current appears when δ > 0. The criti-
cal behavior of the current is highly anisotropic reflecting
the symmetry of the Hamiltonian; it increases by δ
3
2 for
the current along x and y. For the z axis, in general, the
current is proportional to δ
5
2 for the current along z axis.
However, when B and E are both parallel to the z axis,
the first two terms in Eq. (16b) cancels, and the leading
order becomes δ
7
2 . When δ < 0, on the other hand, the
Fermi level is in the band gap, and therefore, the current
is zero.
The result for Jano for µ  m2 is the same as in
Eq. (12) for Jxano and J
y
ano. For J
z
ano, the term propor-
tional to m2 differs from the Weyl semimetal case:
Jzano =
2τq4
(2pi)2
[
−4(154µ− 975− 351m
2)
27027µ3/2
(B ·E)Bz
− 616µ+ 78− 1404m
2
9009
√
3µ3/2
Qz(E,B)Bz
+
616µ− 1404m2
9009µ3/2
(B ·B)Ez
]
. (17)
Hence, the Berry-curvature-related current exists for ar-
bitrary filling, even after the Weyl nodes vanish. The
remnant of the Weyl nodes is found in the magnetore-
sistance even after the two Weyl nodes vanish by a pair
annihilation.
IV. ANOMALY-RELATED CURRENT UNDER
THE STRONG FIELD
A. Two-node model
We next turn to the strong field limit ωcτ  1, where
the Landau levels are formed. In this limit, the above
semiclassical treatment of the magnetic field fails. In-
stead, we study the MR in this limit by considering the
Boltzmann theory for the Landau levels [7]. We here con-
sider the case in which the magnetic field is applied along
the z axis. In this case, the eigenenergies and the eigen-
state wavefunctions of the Landau levels for the general
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FIG. 4. Electronic and transport properties under the strong
magnetic field. (a) Landau levels of the Hamiltonian in
Eq. (7). The result is for m = 1/2 and when the magnetic
field is applied along the z axis. The Weyl nodes are located
at kz = ±1/2 when no magnetic field is applied. The red
band corresponds to the chiral mode of Weyl Hamiltonian.
(b) Magnetic field (B) dependence of electric current along
the z axis for m = 1/2 and µ = 1 (yellow) and −1 (red).
The green dashed lines indicates the conductivity in the limit√
B  µ and the blue dashed line corresponds to the case
in which only the chiral mode crosses the Fermi level. When
µ = −1, the conductivity goes to zero in the strong B limit,
as the Fermi level is below the bottom of the chiral mode.
Hamiltonian
H =
∫
dk3
(2pi)3
ψ†(k)
{
σ1k
1 + σ2k
2 + σ3f(kz)− µσ0
}
ψ(k).
(18)
is obtained by the same method used for Weyl Hamilto-
nian in Ref. [7]; here, f(kz) is a general function of kz.
Assuming qBz > 0, the eigenenergy reads
ωn = sgn(n)
√
2qBz|n|+ f2(kz), (19)
where sgn(n) = 1 for n ≥ 0 and −1 for n < 0; most of
the results remain the same when qB < 0, except that
sgn(n) = −1 for n = 0. Here, each Landau levels are
Nω = b qBz2pi L2c fold degenerate, where L is the length
8along x and y directions and bxc is the largest integer
smaller than x. Therefore, when a Landau level crosses
the Fermi level, the contribution of the level to the con-
ductivity is expected to increase proportionally to B.
The Landau levels for the model in Eq. 7, i.e., f(kz) =
k2z −m2, is shown in Fig. 4. The mode that crosses the
 = 0 corresponds to the chiral modes of the Weyl Hamil-
tonian; ω0(kz) = 0 when kz = ±m, which correspond to
the positions of the Weyl nodes in absence of the mag-
netic field. When µ2 < 2qBz, the chiral mode is the only
mode that contributes to the electric conduction. In this
limit, the Boltzmann theory within the relaxation-time
approximation gives jz =
q3
2pi2 τEzBz, corresponds to the
two Weyl nodes case in Ref. [7]; the result is indepen-
dent of the group velocity of the electrons, which is a
characteristic feature of the 1d systems.
When µ2 > 2qBz, the result for µ
2 < 2qBz is modified
to include the contributions from different Landau levels:
jz =
q3nb
2pi2
τEzBz, (20)
where 2nb is the number of crossings between the Landau
levels and the Fermi level with
nb =
[
2
⌊
µ2
2qBz
⌋
−
⌊
µ2 −m2
2qBz
⌋
Θ(µ2 −m2) + Θ(µ+m)
]
;
(21)
bxc is the floor function. The last term in the square
bracket comes from the chiral mode. The quantum os-
cillation comes from the product of Bz and the floor
functions in nb. The result is plotted in Fig. 4(b). In
the µ2  m2, 2qBz limit, Eq. (21) is approximated as
nb = (µ
2 + m2)/(2qBz) + O(1), where the O(1) is re-
lated to the quantum oscillation. Therefore, the current
becomes
jz ∼ q
2
4pi2
τ(µ2 +m2)Ez. (22)
Hence, in this limit, the magnetic field dependence of
conductivity only shows up in the oscillation, which is
the O(1) effect neglected in Eq. (22). In Fig. 4(b), this
corresponds to the limit B → 0, where the conductance
converges to a finite value with oscillations around it. A
notable difference in the structure of the quantum oscil-
lation appears in the box-like structure of the conductiv-
ity at the right-end of the slope. This reflects the band
structure of the two-node model, where the bottom of
each Landau level is located at kz 6= 0; this structure
vanishes when µ ≤ m2.
Another characteristic behavior appears in the strong
field limit
√
qB > |µ|. In this limit, the Landau levels
with |n| > 0 does not cross the Fermi level as the modes
with n > 0 (n < 0) move to a higher (lower) energy.
Therefore, the only Landau level that can cross the Fermi
level is the n = 0 mode. This is the case when µ > −m2
of which an example is shown in Fig. (4)(b) for µ = 1; this
corresponds to the situation considered in Ref. [7, 46].
For µ < −m2, however, the system shows a different
behavior. In the two-node model in Eq. (7), the chiral
mode exists only for µ ≥ −m2. Therefore, when the
Fermi level is µ < m2, the conductivity goes to zero in
the strong field limit. These results are summarized in
Fig. 1(a).
When the magnetic field is flipped, i.e., qB < 0, the
dispersion of the chiral mode also flips, i.e. ω0 = −(k2z −
m2), and therefore, the equation for nb become
nb =
[
2
⌊
µ2
2qBz
⌋
−
⌊
µ2 −m2
2qBz
⌋
Θ(µ2 −m2)−Θ(µ+m)
]
.
(23)
Hence, in this case, the negative magnetoresistance in
the strong-field limit appears only when µ < m2, in the
opposite to the qB > 0 cases.
B. Near critical point
A similar argument also holds for the model in
Eq. (14), when the system is near the critical point which
the two Weyl nodes appear from a band touching. In this
case, the current reads:
jz =
q3
2pi2
τEzBz
[⌊
µ2 −m4
2qBz
⌋
Θ(µ2 −m4) + Θ(µ−m2)
]
.
(24)
Most of the arguments above also apply to this case:
when µ  m, qB, the conductivity is σzz = q
2τ
4pi2 (µ
2 −
m4) +O(1) where the quantum oscillation is included in
the O(1), and σzz ∝ Bz in the strong field limit when
only the lowest Landau level crosses the Fermi level. A
difference is that the chiral mode crosses the Fermi level
only when µ > m2 for qB > 0 (µ < −m2 for qB < 0),
in contrast to µ > −m2 (µ < m2) in the case with two
Weyl nodes.
V. DISCUSSION
To conclude, we studied the magnetoresistance in the
Weyl semimetals that are related to the chiral anomaly.
In the semiclassical limit, using the Boltzmann theory
approach, we derive a general formula for the O(B2E)
response in the weak-field limit which is related to the
Berry curvature of the electronic bands. The result shows
the anomaly-related current is proportional to the square
of W akα, as shown in Eq. (5); for longitudinal negative
magnetoresistance, it always gives an additional current
along the electric field direction, i.e., longitudinal nega-
tive magnetoresistance as (W akα)
2 ≥ 0. In the case of
Weyl semimetals, this shows that the contribution from
different Weyl nodes do not cancel each other even when
the Fermi level is away from the Weyl nodes and all the
nodes are enclosed in a single Fermi surface. By consider-
ing a model with two Weyl nodes, we explicitly show that
9the anomaly-related magnetoresistance exists even when
multiple Weyl nodes share a Fermi surface. Moreover,
we find that the anomaly-related MR decays smoothly
with increasing chemical potential. Therefore, a similar
magnitude of magnetoresistance is expected even when
all nodes are in a pocket.
On the other hand, in the quantum limit where the
Landau levels are well formed, the behavior of the con-
ductivity is governed by the structure and the degeneracy
of Landau levels. In the relatively weak field region where
a large number of Landau levels cross the Fermi surface,
we show that the conductivity is roughly independent
of the magnetic field unlike the semiclassical case; the
quantum oscillation appears as a small wiggle on top of
the field-independent conductivity. The chiral magnetic
effect studied in Ref. [46] is evident in the conductivity
only when the lowest Landau level (chiral mode) crosses
the Fermi surface. In general, this depends on the details
of the Hamiltonian and chemical potential. However, the
chiral mode in Eq. (7) crosses the Fermi level for arbi-
trary µ > −m2 (if qB > 0). Therefore, the contribution
from the chiral mode may also appear even if the Fermi
level is far away from the Weyl nodes.
These results show that, especially in the semiclassi-
cal region, the magnetoresistance related to the chiral
anomaly is extremely robust regardless of the details of
the Hamiltonian nor the position of the Fermi surface.
Furthermore, in our analyses on the gapped model in
Eq. (14) (see also Fig. (3)), we find that the magnetore-
sistance remains even after the Weyl nodes pair annihi-
lates.
In regard to experiments, recent experiments on
Dirac/Weyl semimetal candidates observe negative mag-
netoresistance. However, its relation to the anomaly-
related magnetoresistance is still under debate. One of
the concerns in these experiments was the location of the
Fermi level; it is often far away from the Weyl nodes and
a Fermi surface encloses multiple Weyl nodes. Our the-
ory, however, shows that the magnetoresistance should
remain finite even in such cases. This is consistent with
the recent experiments in Cd3As2 [58, 59].
Another point regarding the experiment is the exis-
tence of multiple pairs of Weyl nodes. The unconven-
tional electromagnetic response related to Weyl fermions
often cancels out when taking into account of the exis-
tence of multiple nodes. For the chiral anomaly stud-
ied here, in the semiclassical limit, the total contribution
from all pairs of Weyl fermions can be calculated sim-
ply by summing the contribution from each pair. Fur-
thermore, as discussed in Eq. (5), each pair always gives
a negative contribution to the resistivity. Therefore, no
cancellation takes place. For instance, in Cd3As2 [16, 71],
there are two Dirac nodes, i.e., two pairs of Weyl nodes
which are degenerate. The total current induced by the
chiral anomaly in this material is given by the sum of
contributions from the two pairs.
A slightly complicated example of Weyl semimetal is
the pyrochlore iridates, where a Weyl semimetal phase
is expected in the vicinity of the phase boundary of
metal-insulator transition [14, 72], which is realized by
controlling the temperature [73], by applying magnetic
field [74, 75], or by chemical substitution [76]. In this ma-
terial, there are four pairs of Weyl nodes of which a pair
resides on each 〈111〉 direction; they are related by the cu-
bic symmetry of the magnetically ordered phase. In this
material, when the Fermi level is sufficiently above the
Weyl nodes, all eight nodes are expected to be in the same
Fermi surface. This is a situation where the above results
on the two-node model do not directly apply. Further-
more, the anti-ferroic pattern of the position of the eight
Weyl nodes generates a multipolar pattern of the Berry
curvature in the momentum space, which may seem to
cancel the anomaly-related phenomena. However, from
the general argument on Eq. (5), we see that the cancel-
lation does not occur as the anomaly-related current is
proportional to the momentum integral of |Wkα|2 where
Wkα is defined below Eq. (4).
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Appendix A: Pumping of charge between different
electron/hole pockets by chiral anomaly
We here show that, in the semiclassical limit, the rate
of charges pumped by the chiral anomaly is determined
only by the total charge of Weyl nodes enclosed in the
pocket, regardless of the Hamiltonian nor the shape of
the pocket. We consider the case τ → ∞. In this case,
the change of nkα become
∂tnkα = − (1 + qB · bkα)−1
× (qE + qvkα ×B + q2(E ·B)bkα) · ∇knkα. (A1)
Intuitively, the q2(E ·B)bkα term in Eq. (A1) represents
the change of wavepacket momentum; it flows along the
Berry curvature bkα. In the case of the Weyl Hamilto-
nian, this gives a current flowing outward from/inward
to the Weyl node, as the Weyl nodes are source/sink of
bkα; this violates the chiral-charge conservation, which
is known as the chiral anomaly [7, 8]. In general Hamil-
tonian, the time derivative of electron number in the ith
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Fermi surface reads
N˙ (i)α ≡
∫
BZ(i)
dk3
(2pi)3
(1 + qB · bkα) ∂tnkα, (A2)
=
∫
∂V (i)
dS
(2pi)3
nS ·
(
qvkα ×B + q2(E ·B)bkα
)
,
(A3)
=
q2
(2pi)3
(E ·B)C(i). (A4)
Here, BZ(i) is a part of the Brillouin zone that encloses
the region inside the ith Fermi surface V (i) ⊂ BZ(i),
∂V (i) is the Fermi surface of V (i), nS is the unit vec-
tor perpendicular to the surface dS. From the first to
the second equation, we used the Gauss law. In the
second equation, the first term in the integrand is zero
as vkα ‖ nS . Hence, N˙ (i)α is proportional to the total
charge of Weyl nodes C(i) ≡ ∫
∂V (i)
dS (nS ·bkα), i.e., the
amount of charge pumped between different Fermi sur-
faces is related to the topological property of the Weyl
nodes. Therefore, the above argument on the “break-
down” of the chiral-charge conservation generally holds
for arbitrary Hamiltonian whenever C(i) is nonzero. This
implies that the chiral anomaly remains robust in Weyl
semimetals, as the key feature of the Weyl Hamiltonian
that gives rise to the chiral anomaly is the topological
charge defined by bkα; the chiral anomaly occurs when-
ever the nonzero C(i) exist inside the Fermi surface, re-
gardless of the precise form of Hamiltonian, location of
the Weyl nodes, nor how far the chemical potentials are
from them.
Appendix B: Sensitiveness of the magnetoresistance
to the electron distribution
We demonstrate how the details of electron distribu-
tion affect the anomaly-related current. For this purpose,
we consider the Weyl Hamiltonian
HW = vσ · p, (B1)
where the sign of v corresponds to the different chiralities
of the Weyl electrons. For the electron distribution, we
consider:
δnkα =− qτ
{
1− qB · bp + (qB · bp)2
}
(E · vp) (n0p)′
− q2 {τint − qτB · bp} (E ·B)(bp · vp) (n0p)′.
(B2)
This is a slightly generalized version of the expansion of
δnkα in Eq. (3); τ for one of the term is replaced by τint;
τint corresponds to the inter-node scattering considered
in Ref. 8. When τint = τ , the electron distribution corre-
sponds to the relaxation time approximation considered
in this work, and τ = 0 corresponds to the approximation
employed in Ref. [8]; in the later case, the electron distri-
bution remains symmetric while it becomes asymmetric
in the former case due to the electron acceleration by the
external field. The two relaxation times are phenomeno-
logically introduced to show how the result changes when
different approximation for the relaxation time (or elec-
tron distribution) is used.
Using these results, the O(EB2) current reads
Jano =
q3|v|3
8pi2µ2
{(
τint − 8
15
τ
)
(E ·B)B + τ
15
(B ·B)E
}
.
(B3)
When τ = 0, the current is proportional to (E · B)B,
reproducing the result in Ref. [8]. When τ > 0, the re-
sult shows another term proportional to (B ·B)E, which
comes from the asymmetry of the electron distribution
around the Fermi surface.
Appendix C: Solution of anomaly-related current in
two-node Hamiltonian
1. Solution of anomaly-related current for general µ
We here present the general solution for the anomaly
related nonlinear current in Eq. (4) for the Hamiltonian
in Eq. (7). The calculation was performed by reducing
the three-dimensional integral in Eq. (4) to the integral
over the Fermi surface. For arbitrary µ, we find the co-
efficients σai reads (see Eq. (8) for the definition of σ
a
i ):
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σa1 =

4pi(m2−|µ|) 12
10395
(
32m10
|µ|7 +
16m8
|µ|6 − 186m
6
|µ|5 − 89m
4
|µ|4 − 643m
2
|µ|3 +
870
|µ|2
)
+ 4pi(m
2+|µ|) 12
10395
(
− 32m10|µ|7 + 16m
8
|µ|6 +
186m6
|µ|5 − 89m
4
|µ|4 +
643m2
|µ|3 +
870
|µ|2
)
(|µ| ≤ m2)
4pi(m2+|µ|) 32
10395
(
− 32m8|µ|7 + 48m
6
|µ|6 +
138m4
|µ|5 − 227m
2
|µ|4 +
870
|µ|3
)
(|µ| > m2)
(C1a)
σa2 =

2pi(m2−|µ|) 12
693
√
3
(
32m10
|µ|7 +
16m8
|µ|6 +
12m6
|µ|5 +
10m4
|µ|4 − 49m
2
|µ|3 − 21|µ|2
)
+ 2pi(m
2+|µ|) 12
693
√
3
(
− 32m10|µ|7 + 16m
8
|µ|6 − 12m
6
|µ|5 +
10m4
|µ|4 +
49m2
|µ|3 − 21|µ|2
)
(|µ| ≤ m2)
− 2pi
693
√
3
(m2 + |µ|) 32
(
32m8
|µ|7 − 48m
6
|µ|6 +
60m4
|µ|5 − 70m
2
|µ|4 +
21
|µ|3
)
(|µ| > m2)
(C1b)
σa3 =

pi(m2−|µ|) 12
10395
(
− 64m10−352m8|µ|7 − 32m
8−176m6
|µ|6 +
240m6−330m4
|µ|5 +
112m4−121m2
|µ|4 − 496m
2+77
|µ|3 +
240
|µ|2
)
+pi(m
2+|µ|) 12
10395
(
64m10−352m8
|µ|7 − 32m
8−176m6
|µ|6 − 240m
6−330m4
|µ|5 +
112m4−121m2
|µ|4 +
496m2+77
|µ|3 +
240
|µ|2
)
(|µ| ≤ m2)
pi
10395 (m
2 + |µ|) 32
(
64m8−352m6
|µ|7 − 96m
6−528m4
|µ|6 − 144m
4+198m2
|µ|5 +
256m2+77
|µ|4 +
240
|µ|3
)
(|µ| > m2)
(C1c)
σa4 =

pi(m2−|µ|) 12
3465
√
3
(
32m10+352m8
|µ|7 +
16m8+176m6
|µ|6 − 120m
6+330m4
|µ|5 − 56m
4+121m2
|µ|4 +
248m2−77
|µ|3 − 120|µ|2
)
+pi(m
2+|µ|) 12
3465
√
3
(
− 32m10+352m8|µ|7 + 16m
8+176m6
|µ|6 +
120m6+330m4
|µ|5 − 56m
4+121m2
|µ|4 − 248m
2−77
|µ|3 − 120|µ|2
)
(|µ| ≤ m2)
− pi
3465
√
3
(m2 + |µ|) 32
(
32m8+352m6
|µ|7 − 48m
6+528m4
|µ|6 − 72m
4−198m2
|µ|5 +
128m2−77
|µ|4 +
120
|µ|3
)
(|µ| > m2)
(C1d)
for a = x, y and
σz1 =

8pi
135135 (m
2 − |µ|) 12
(
− 192m12−416m10|µ|7 − 96m
10−208m8
|µ|6 +
500m8+1014m6
|µ|5 +
226m6+559m4
|µ|4
+ 162m
4−7072m2
|µ|3 − 1370m
2−4875
|µ|2 +
770
|µ|
)
+ 8pi135135 (m
2 + |µ|) 12
(
192m12−416m10
|µ|7 − 96m
10−208m8
|µ|6 − 500m
8+1014m6
|µ|5 +
226m6+559m4
|µ|4
− 162m4−7072m2|µ|3 − 1370m
2−4875
|µ|2 − 770|µ|
)
(|µ| ≤ m2)
8pi(m2+|µ|) 52
135135
(
192m8−416m6
|µ|7 − 480m
6−1040m4
|µ|6 +
268m4−2678m2
|µ|5 +
170m2+4875
|µ|4 − 770|µ|3
)
(|µ| > m2)
(C2a)
σz2 =

− 4pi
45045
√
3
(m2 − |µ|) 12
(
384m12+1664m10
|µ|7 +
192m10+832m8
|µ|6 − 1000m
8+3666m6
|µ|5 − 452m
6+1625m4
|µ|4
− 324m4−2600m2|µ|3 + 2740m
2+195
|µ|2 − 1540|µ|
)
− 4pi
45045
√
3
(m2 + |µ|) 12
(
− 384m12+1664m10|µ|7 + 192m
10+832m8
|µ|6 +
1000m8+3666m6
|µ|5 − 452m
6+1625m4
|µ|4
+ 324m
4−2600m2
|µ|3 +
2740m2+195
|µ|2 +
1540
|µ|
)
(|µ| ≤ m2)
4pi(m2+|µ|) 52
45045
√
3
(
384m8+1664m6
|µ|7 − 960m
6+4160m4
|µ|6 +
536m4+2990m2
|µ|5 +
340m2−195
|µ|4 − 1540|µ|3
)
(|µ| > m2)
(C2b)
σz3 =

16pi
45045 (m
2 − |µ|) 12
(
96m12
|µ|7 +
48m10
|µ|6 − 250m
8
|µ|5 − 113m
6
|µ|4 − 81m
4
|µ|3 +
685m2
|µ|2 − 385|µ|
)
+ 16pi45045 (m
2 + |µ|) 12
(
− 96m12|µ|7 + 48m
10
|µ|6 +
250m8
|µ|5 − 113m
6
|µ|4 +
81m4
|µ|3 +
685m2
|µ|2 +
385
|µ|
)
(|µ| ≤ m2)
16pi(m2+|µ|) 72
45045
(
− 96m6|µ|7 + 336m
4
|µ|6 − 470m
2
|µ|5 +
385
|µ|4
)
(|µ| > m2)
(C2c)
The results are the same for µ < 0 and µ > 0, as Wk+ =
−Wk− and the current is proportional to the square of
Wk±, where + and− are respectively the conduction and
valence bands of the Weyl node. We, however, note that
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the results of the Boltzmann theory are invalid when the
Fermi level is close to the node, i.e., |µ| . qτ |E|. This
is a consequence of the band crossing, which its effect
is not fully taken into account in the Boltzmann theory.
The asymptotic form of Jaano shown in the main text is
calculated from these analytic solutions.
2. Anomaly-related current around µ ∼ m2
In the Hamiltonian in Eq. (7), the two Weyl nodes
are separated by a saddle point at k = 0 and µ = m2,
below which there exist two Fermi surfaces each contains
a Weyl node and the two surfaces merge above. We here
investigate how the two regions of µ connect at µ = m2.
An explicit calculation shows σai is a C1 class function at
µ = m2 for a = x, y and C2 class for σ
z
i with an exception
of σz3 (C3 class).
By substituting µ by δ ≡ m2 − µ and expanding σai ,
we find
σa1 =
√
2pi
m3
{
6376
10395
− 14866
10395
δ
m2
}
− 4pi
9m3
∣∣∣∣ δm2
∣∣∣∣ 32 Θ(−δ)
(C3a)
σa2 =
√
2pi√
3m3
{
20
693
+
13
99
δ
m2
}
+
2pi
3
√
3m3
∣∣∣∣ δm2
∣∣∣∣ 32 Θ(−δ)
(C3b)
σa3 =
√
2pi
m3
{
22 + 128m2
2079m2
+
77− 2624m2
2079m2
δ
m2
}
+
pi
9m5
∣∣∣∣ δm2
∣∣∣∣ 32 Θ(−δ) (C3c)
σa4 =
√
2pi√
3m3
{
22− 64m2
693m2
+
77 + 1312m2
6930m2
δ
m2
}
+
pi
3
√
3m5
∣∣∣∣ δm2
∣∣∣∣ 32 Θ(−δ) (C3d)
for a = x, y and
σz1 = −
√
2pi
m
{
19840m2 − 90272
135135m2
+
189176− 33632m2
135135m2
(
δ
m2
)
+
51588m2 − 265499
135135m2
(
δ
m2
)2}
+
8pi
15m3
∣∣∣∣ δm2
∣∣∣∣ 52 Θ(−δ)
(C4a)
σz2 = −
√
2pi√
3m
{
39680m2 − 9568
90090m2
+
15496− 67264m2
90090m2
(
δ
m2
)
+
103176m2 − 38389
90090m2
(
δ
m2
)2}
− 4pi
5
√
3m3
∣∣∣∣ δm2
∣∣∣∣ 52 Θ(−δ)
(C4b)
σz3 =
√
2pi
m
{
3968
9009
− 33632
45045
δ
m2
+
5732
5005
(
δ
m2
)2
− 9137
6435
(
δ
m2
)3}
+
16pi
35m
∣∣∣∣ δm2
∣∣∣∣ 72 Θ(−δ). (C4c)
These results show that a singular behavior appears at
µ = m2, where the derivatives of Jano with respect to
µ diverges; the second derivative diverges for Jxano and
Jyano, while the third derivative diverges for J
z
ano.
Appendix D: Magnetoresistance of the gapped
model
We here present the general solution for the nonlinear
current in Eq. (4) for the Hamiltonian in Eq. (14). By the
same procedure with that of the Weyl semimetal case, we
find the coefficients σai are:
13
σa1 =
4pi(µ−m2) 32
10395
(
−32m
8
µ7
− 48m
6
µ6
+
138m4
µ5
+
227m2
µ4
+
870
µ3
)
(D1a)
σa2 = −
2pi(µ−m2) 32
693
√
3
(
32m8
µ7
+
48m6
µ6
+
60m4
µ5
+
70m2
µ4
+
21
µ3
)
(D1b)
σa3 =
pi(µ−m2) 32
10395
(
64m8 + 352m6
µ7
+
96m6 + 528m4
µ6
− 144m
4 − 198m2
µ5
− 256m
2 − 77
µ4
+
240
µ3
)
(D1c)
σa4 = −
pi(µ−m2) 32
3465
√
3
(
32m8 − 352m6
µ7
+
48m6 − 528m4
µ6
− 72m
4 + 198m2
µ5
− 128m
2 + 77
µ4
+
120
µ3
)
(D1d)
for a = x, y and
σz1 = −
8pi(µ−m2) 52
135135
(
−192m
8 + 416m6
µ7
− 480m
6 + 1040m4
µ6
− 268m
4 + 2678m2
µ5
+
170m2 − 4875
µ4
+
770
µ3
)
, (D2a)
σz2 = −
4pi(µ−m2) 52
45045
√
3
(
−384m
8 − 1664m6
µ7
− 960m
6 − 4160m4
µ6
− 536m
4 − 2990m2
µ5
+
340m2 + 195
µ4
+
1540
µ3
)
,
(D2b)
σz3 =
16pi(µ−m2) 72
45045
(
96m6
µ7
+
336m4
µ6
+
470m2
µ5
+
385
µ4
)
. (D2c)
Further analysis of the above results is presented in the last part of the weak magnetic field section in Results.
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